Abstract-This paper studies with analog simulators, the dynamics of a system consisting of a van der Pol oscillator coupled to a Duffing oscillator. Amplitude-response curves are obtained in the case of internal resonance. The jump or hysteresis phenomenon is found. Various bifurcations are observed, and it is found that chaos can appear suddenly, through period-adding or through torus breakdown. The experimental results are compared with the numerical solutions.
Transactions Briefs__________________________________________________________________ I. INTRODUCTION
Recently, there has been much interest in the dynamics of coupled oscillators [1] - [7] . Such systems typically exhibit rich dynamical modes. They also provide fundamental models for the dynamics of various physical, electromechanical, chemical and biological systems. The most common approaches to the problem of investigating the dynamics of such oscillators are the numerical simulation associated to the well-known analytical perturbation methods. However, it is well known that with such techniques appear problems related to time integration. In fact, even with very fast workstations, scanning parameter spaces turns out to be a very slow process. Moreover, to the best of our knowledge, there exists no method that can help predicting the duration of the transient phase of a numerical simulation. The analog simulation offers the way to tackle such difficulties. This is one of the major reasons for the increasing interest devoted to this type of simulation for the analysis of nonlinear and chaotic physical systems [8] - [14] . In fact, a properly designed circuit can provide sufficiently good real-time results faster than a numerical simulation on a fast computer. Such a circuit must use high precision resistors and capacitors. In addition, the offset voltage of the operational amplifiers and multipliers must be well controlled. Moreover, analog computation reveals itself to be very powerful for a large number of specific problems such as pattern recognition and image processing to just name a few. It seems to be the most natural way to solve many physical problems since many elementary computational primitives are a direct consequence of fundamental laws of physics.
In a recent paper [2] , we used analytical perturbations methods (the multiple scales method and the Shilnikov theorem) associated with numerical computation to study the resonant and chaotic dynamics of a system described by the following set of equations:
x 0 " 1 ( where " 1 and " 2 are positive parameters. c and c 0 are some nonlinearity coefficients. ( 1 ; 3 ) are the dissipative coupling parameters since the coupling is through velocities ( _ y; _ x) and (2; 4) are the elastic coupling parameters as the coupling is realized through solutions (y; x). ! 1 = p and ! 2 = p (while > 0 and > 0) are the natural frequencies of the oscillators. The dots stand for the time derivatives.
Our aim in this paper is to study, using analog simulators, the dynamics of the system described by the (1a) and (1b). Our study consists of a classical self-sustained van der Pol oscillator (with c = 0) coupled to a Duffing oscillator. Amplitude-response curves are obtained and particular attention is placed on the bifurcation behavior and the onset of chaos following the variation of components of the analog circuit.
The structure of the paper is as follows. In Section II, we present the electrical circuit of our simulator with the associated definitions of the parameters of (1a) and (1b) as functions of the circuit components. The derivation of the complete equations of the analog circuit is carried out in the Appendix. In Section III, we present the results obtained from our simulator and compare them with the results of a direct numerical integration of (1a) and (1b). We conclude in Section IV. The integrators are operational amplifiers (LF 351) with feedback capacitors and summations are accomplished by operational amplifiers with multiple input resistors. The offset voltages of the operational amplifiers are cancelled using the method provided on Fig. 2(b) . The steady-state accuracy of the analog simulator is determined by the precision of the resistors and capacitors used (1%). Using an appropriate time scaling, the simulators outputs can be viewed directly on an oscilloscope by simply feeding the voltages to the X-input and Y -input of the oscilloscope. For the van der Pol oscillator, the phase portrait (x, _ x) with = 10 4 (R 1 R 3 =R 2 )C 2 is obtained by feeding the output voltage of U3 to X-input and that of U1 to Y -input. The same procedure is used for the Duffing oscillator and the phase portrait (y, _ y) with = 10 4 R 8 C 4 is obtained by feeding the output voltage of U 5 to the Y -input and that of U7 to the X-input.
The switches help us to choose the type of coupling (elastic or dissipative) and to change the sign of some coefficients of system of eqs. (1a) and (1b). Fig. 3 is a table summarizing the sign of the equation coefficients and c0 depending on the position of the switches Ki (i 2 {5, 6, 7, 8})
We consider the analog circuit with the switches K 1 ; K 2 ; K 3 , and K 4 closed and the switches K 5 ; K 6 ; K 7 , and K 8 in position 1. One can therefore show that the voltages at points x (output of U3) and y (output of U 7 ) are described by the set of coupled nonlinear differential equations (1a) and (1b). In terms of the circuit components, the parameters of the equations (1a) and (1b) are defined as follows: The time unit is 10 04 s. One should report to the appendix for a complete derivation of the differential equations (1a) and (1b) with the corresponding coefficients.
With the switches K5; K6; K7, and K8 in position 1, the coefficients and c 0 are positive. They can be made negative by only directing the above switches in position 2. Moreover, by opening the switches K1 and K3, we suppress the dissipative coupling and are let with the elastic coupling.
III. RESULTS
In order to control each parameter of (1a) and (1b) by varying only one resistor, we set R 01 = 2200 R02 = 67 700 R 03 = 5600 ; R 04 = 3300 ; R 05 =100000 R 06 =61000 R1 =9910 R2 =1002 R 5 =9970 R 6 =99:7 R8 =9960 C 1 = C 2 = C 3 = C 4 = 10:1 nF:
Thus, the coefficients "1; "2; ; ; c0; 1; 2; 3, and 4 will respectively be controlled by R 3 ; R 7 ; R 4 ; R 9 ; R 10 , R 13 ; R 14 ; R 11 , and R 12 . Note that the analog voltages obtained from our simulator are directly equivalent to the dimensionless variables of (1a) and (1b).
A. Amplitude-Response Curves
Our aim in this section is to plot the amplitude-response curves both in the elastic and dissipative coupling cases.
We study the primary resonance case, that is !2 = !1 + " where is a detuning parameter. Here the switches K 5 ; K 6 ; K 7 , and K 8 are on position 1. We first consider the elastic coupling (the switches K 1 and K 3 are opened together with K2 and K4 closed) with the following values of resistors: R 3 = 236 ;R 4 = 10060 ; R 7 = 790000 ; R 10 = 6561.5 ;R 12 = 347316 , and R 14 = 103800 . Thus, the constant parameters of (1a) and (1b) become "1 =0.233898,"2 =0.012533, = 0.983299, c 0 =0.015000, 2 =0.095298,and 4 =0.028338.Thede-
is controlled by the resistor R9 through the parameter !2; !1 being constant and equal to 0.991614. Fig. 4(a) and (b) shows the response curves, in term of the detuning parameter . A very narrow hysteresis domain is experimentally and numerically observed, but cannot be clearly seen on the plot. This phenomenon is experimentally obtained by decreasing R9 ( increases) from its maximum value to its minimum, and then increasing it ( decreases) from its minimum to its maximum value. We have found that when the natural frequencies of the two oscillators are very close, the van der Pol oscillator shows an antiresonant phenomenon while the Duffing oscillator shows a resonant phenomenon.
We now consider the dissipative coupling case (K2 and K4 opened, K 1 and K 3 closed) with the same values of the resistors as in Fig. 4 , but with R11 = 347 316 and R13 = 103 800 . Thus, the parameters 1 and 3 become respectively 0.095866 and 0.028364. Fig. 5(a) and (b) shows the experimental and numerical well-known jump phenomenon. The jump phenomenon is experimentally obtained using the same procedure as above described.
In both cases, (dissipative and elastic coupling), we have found from our experiment that when the oscillators are far from the exact resonant point, the amplitude (A 1 ) of the van der Pol oscillator tends to the value 2 V while that (A2) of the Duffing oscillator reduces to zero, leading to the non resonant motion (in which case the system behaves as two uncoupled oscillators).
Due to the relaxation form of responses of the coupled van der Pol-Duffing oscillator for some values of the system parameters, we have chosen an integration time-step (1t) so that abrupt discontinuities must not induce errors in computation. Typically, 1t =0.01,eachsimulation time interval is 10 6 and the calculations are performed using reals in extended mode. We use the fourth-order Runge-Kutta method [15] . All the results obtained were confirmed by the numerical integration of (1a) and (1b). Note that the hysteresis domain is obtained numerically by using two sets of initial conditions. For the lower branches we take x(0) = 10 08 , y(0) =10 08 and for the upper branches we use x(0) = 10 08 , and y(0) =20. We should also note that our experimental results are in agreement with the multiple scales analysis carried out in [2] .
B. Bifurcation and Onset of Chaos
This section is devoted to the experimental findings of the various bifurcations and types of motions that can occur in our system when one component of the analog circuit is monitored. Our control component is the resistor R9 (or the parameter ).
It is well known that for the Duffing oscillator with a two-well potential the chaotic phenomenon is abundant. This situation is obtained when the parameter is taken negative and c 0 positive. Thus, the switches K 5 and K 6 are on position 2, together with K 7 and K 8 on position 1.
We restrict our analysis in the particular case of dissipative coupling, with the following values of the resistors. R 3 = 751 ; R 4 = 10060 increases up to 20 000 , the system follows complex bifurcations as follows: period-adding cascade ! Sudden transition and torus breakdown to chaos ! quasiperiodicity ! chaos ! quasiperiodicity ! chaos ! Sudden transition to period-1. A sequence of period-adding scenario for the Duffing oscillator involves the subharmonics 1/2, 1/3, 1/4, and so on. The corresponding numerical phase portraits are provided in Fig. 8 for almost the same values of the resistor R 9 . In Fig. 9 a table is provided with corresponding values of R 9 and in order to compare the experimental bifurcations with the numerical one. We mention that the abrupt transition to chaos has also been observed in our reference [2] when varying the dissipative coupling coefficient. Let us also note that the complex structure of bifurcation observed in our experimental investigation can be termed as inherent to coupled nonlinear oscillators since such complexity has already been reported in references [5] , [6] . Note that for R 9 10.65 K, the pictures obtained are almost similar to that of P 42 and Q 42 . Our numerical and experimental investigations have also revealed that the system is very sensitive to small changes in . Indeed, small windows of chaotic behavior appear separated by domains of regular motion. We have characterized the degree of chaos by calculating the largest numerical 1-D Lyapunov exponent [2] . The results obtained from our electronic simulator were generally almost close to those obtained numerically. For instance, from our experimental study, we have found the following bifurcation values: = 0 8.236 (R 9 = 1195 ) for the transition from period-4 to period-3; = 02.65 (R 9 = 3714 ) for the transition from period-3 to period-2; = 0 2.25 (R 9 = 4374 ) for the transition from period-2 to period-1; = 0 1.55 (R 9 = 6350 ) for the transition from period-1 to chaos. The corresponding bifurcation points obtained from the numerical computation are respectively, 0 9.2998, 0 2.5664, 0 2.2330, and 0 1.6388.
IV. CONCLUSION
This paper has dealt with the experimental study of a self-sustained oscillator (van der Pol) coupled to a nonlinear oscillator of the Duffing type. We have studied the elastic coupling case and the dissipative coupling case. The techniques used were based on analog simulation. The experimental results were compared to the numerical results and we have found a good agreement between the two methods. One of the interests of this work was to prove that analog computation is more suitable than its numerical counterpart for understanding the real physical behavior of a system. We have also proved that even for coupled nonlinear oscillators, analog computation can provide very good results. It is worth noting that the richness of modes in our system complicates the task of exploring all its salient features numerically and serves to underscore the significant advantages of high speed analog computation for this type of problem.
APPENDIX CALCULATIONS
We consider the simulator with the switches K 1 ; K 2 ; K 3 , and K 4 closed. Moreover, we consider the particular case where the switches K 5 ; K 6 ; K 7 , and K 8 are in position 1.
In Fig. 1 , the op-amps U 2 and U 5 perform the following summations : 
The equations (4a) and (4b) are equivalent to the (1a) and (1b) by setting c = 0. 
I. INTRODUCTION
Ferroresonance is a complicated nonlinear electrical phenomenon, which can lead to dangerous transformer over-voltages many times the normal equipment ratings. Ferroresonance occurs when a nonlinear inductor, usually a transformer with a saturable magnetic core, is excited through a linear capacitor from a sinusoidal source, particularly in the presence of long lines or capacitive power cables. It is usually initiated by a system disturbance of some form, for example, the disconnection of transformer feeder lines or the opening of a circuit breaker in series with a voltage transformer.
Site experiences with ferroresonance usually occur under innocuous and common place operating conditions. Nevertheless, ferroresonance is by no means a widespread or dominant phenomenon. This is because of the stochastic nature of its initiation and subsequent build up, both of which rely on the confluence of many conditions as well as on fundamental circuit configuration. Applying chaos theory and nonlinear mathematics to this phenomenon, three types of ferroresonant behavior have been shown to be possible [1] - [3] . These are fundamental frequency ferroresonance, subharmonic ferroresonance, in which the period of oscillation is an integral multiple of the period of the supply, and chaotic ferroresonance, in which the oscillations appear to be random. Furthermore, ferroresonant voltage transformer circuits have been shown to exhibit universal chaotic behavior, being driven into chaos through a series of period doubling bifurcations [4] . In this paper, a quantitative assessment of the chaotic nature of ferroresonant voltage transformer circuits is presented, based on the geometric nature of system trajectories in state-space. Fig. 1 shows the circuit arrangement of a practical 275-kV substation in the English power system. VT is a 100-VA instrumentation voltage transformer isolated from sections of busbars via disconnector DS2.
II. CIRCUIT CONFIGURATION
CCB is the circuit breaker grading capacitance. In the past, ferroresonant conditions have occurred upon closing DS1 with both the circuit breaker and DS2 open, leading to a system fault caused by failure of the voltage transformer primary winding.
The basic ferroresonant circuit used in this study is shown in Fig. 2 . E is the rms phase voltage and ! is the supply frequency.
Cseries is the circuit breaker grading capacitance and C shunt is the total phase-to-earth capacitance, including busbar capacitance to earth and transformer winding capacitance. The resistor R represents transformer core losses shown previously to be an important parameter in determining the behavior of the system [4] . The nonlinear transformer magnetization curve was modeled by a single valued seventh order polynomial obtained from the measured transformer magnetization curve i = a + b 
